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PART 1: QUANTUM STATE TOMOGRAPHY
(QST)




Section 1a.

DENSITY MATRIX RECONSTRUCTION
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As can be shown (ref. Nielsen and Chuang page 105)
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Section 1b.

DEFINING THE MEASUREMENT OPERATORS
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Two-Qubit State Tomography Using a Joint Dispersive Readout
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) _ The average
values of the field quadratures (I(7)) = [p(r)(at + a)] and
(Q(r)) = ('Tr[,('}(.f)(['fr — d)] are determined from the am-
plified voltage signal at the resonator output in a homodyne
measurement, where p(7) denotes the state of both qubits
and resonator field.




e on the resonator space vyields
Tr,[p,(00M;,(1)], where M, (1)

SO, Ola (1))lo)o| and Tr, denotes the partial
trace over the qubits. In the steady state we find

2(A,, + ¥

demonstrating that the measurement operators are non-
linear functions of y. Thus, "ﬁf.{..? comprises in general
also two-qubit correlation terms proportional to .6 .,
which allow one to reconstruct the full two-qubit state.

In our experiments the phase of the measurement mi-
crowave at frequency A, = (y; + x2) is adjusted such
that the Q quadrature of the transmitted signal carries most
of the signal when both qubits are in the ground state. The
corresponding measurement operator can be expressed as

M = XBoid + Bigb + B + P116.16.),  (4)
with 3 =a__+(—lVa_, +(—1)a,_+
(—1)"a.. and

(/27 + (A, = x1 = x

representing the qubit state dependent (-quadrature am-
plitudes of the resonator field in the steady-state limit and
for an infinite qubit lifetime [Fig. 2(a)].




Thus the measurement operation (along a single quadrature) has the general form:

M = ﬁool@l + ,3102®I + ,301I®Z + ﬁ11Z®Z

where the physical observable is the homodyne voltage, and the coefficients Bij are
obtained from calibration (see following slides).

The measurement axes can be changed (i.e. to probe XY, etc) by pre-rotating the
qubits immediately prior to readout.




CALIBRATION...
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FIG. 2 (color online). (a) Q quadrature of the resonator field
for the qubits in states gg, eg, ge, and ee as a function of the
detuning A,,,. Tomography measurements have been performed
at A,,, = (y; T x») indicated by an arrow. (b) Measured (data
points) time evolution of the QO quadrature for the indicated
initial states compared to numerically calculated responses (solid
lines). All parameters have been determined in independent

measurements.
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consequently limits the readout time to ~1/7y,. A typical
averaged time trace of the resonator response for pulsed
measurements 1s shown in Fig. 2(b), similar to the data
presented in Ref. [24]. The qubits are prepared initially in
the states |ee), |eg), |ge). and |gg). respectively, using the
local gate lines. The time dependence of the measurement
signal 1s determined by the rise time of the resonator and
the decay time of the qubits. It 1s in excellent agreement
with calculations [solid lines 1n Fig. 2(b)] of the dynamics
of the dispersive Jaynes-Cummings Hamiltonian [32,34]
using the parameter values as stated above. Because of the
quantum nondemolition nature of the measurement [27],
M remains diagonal in the instantancous qubit eigenbasis
during the measurement process, and the integrated signal
can be used to define the realistic measurement operator M’
by replacing the a~+ in Eq. (5) with the signal integrated
from the start of the measurement 7,, to the final time 7,
alt = 1/N [} [ [(M(1))++ — (M(1))__]dt with the ground
state response {(M(t))__ subtracted. The normalization
constant N is chosen such that &/, ~ = 1 and the measure-
ment time 7" — ¢, = 2 us.




To determine the measurement operator M’, 7 pulses
are alternately applied to both qubits to yield signals as
shown 1n Fig. 2(b). From these data the coefficients
el 2/ 2/ 2 N — (N N2 N A \ “I .
(Boo Bor» Blo B1y) = (0.8, —0.3, —=0.4, —=0.1) of M" 1n

Eq. (4) are deduced. The nonvanishing “} (» which quanti-
fies the contribution of the &, ® ¢, two-qubit correlation
term, allows for a measurement of arbitrary, entangled and
separable, quantum states.
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Table 8.1: The 30 raw measurements.
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Section 1c.

IN PRACTICE...
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PHYSICAL REVIEW A, VOLUME 64, 052312

Measurement of qubits

Daniel F. V. James,"* Paul G. Kwiat,>® William J. I\--lunrof‘s and Andrew G. White>*

A ubiquitous remedy: Maximum Likelihood Approximation (MLE)
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The t, are parameters to be optimized during MLE.
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To provide the algorithm with starting values for the t, ...

APPROXIMATE CHOLESKY DECOMPOSITION

Evects = Eigemvectors[rhoE] :

DIAGrhoE = Inverse[Transpose[Evects]].rhoE.Transpose [Evects] // Chop:
MatrixForm [DIAGrhoE]

For[i-1,i<5, i++, IF[DIAGrhoE[[i, i]] <= 0, DIAGrhoE[[i, i]] = epsilon]]
MatrixForm [DIAGrhoE - epsilon » IdentityMatrix[4]] // Chop:

APRYrhoE = Transpose[Evectsz] .DIAGrhoE.Inverse[Transpose[Evects]] // Chop:
APEXrhoE = SetPrecision[APRNrhoE, 14];
MatrixForm [Round [APEXrhoE, 0.00001]] ;

Tstart = CholeskyDecomposition[APEXrhoE] // ConjugateTranspose:




Minput = {2.05, 0.02, 0.05, 0.95, 1.95, 0.95, 1.05, 0.95, 1.05, 0.05, 1.05, 0.95, 0.95, 1.05, 0.95};

1
Corresponds to |@) = \/—_[|OO) — [11)]

(plus some experimental error)

0.47 2.77 2.
55621071 - 2.77556=10"17 1 0.005
-0.02125 + 0. i 0.0125 + 0.0375 2

-0.4875-0. i 0.02125 -0.0212512

0.0125 -0.03751

556%10°17 + 2.77556x10°" i -0.02125-0.021251

-0.4875 +0.01251
0.02125 +0.021251




PART 2: QUANTUM PROCESS TOMOGRAPHY
(QPT)




Section 2a.

OPERATOR-SUM REPRESENTATION
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A proof ( based on Gernot Pfanner, pg 33 of Thesis “A study on photon-entanglement from the biexciton cascade in a quantum dot”)

We start with an open quantum system S, which is initially disentangled from its
environment, 1.e.

;PR

The state of the environment at t = {y should be pg = |eg) (eo].
Performing a unitary operation U on the system-environment-complex yields

E(p) =Trg (U{ps ® pp}U")
The operation U may be written as
['r = Z [} :T,

and T; are linear operators on Hg and Hg respecti
By inserting this into equation (1), we obtain
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Section \/% [I2b.) + |2b.)}]

QPT - THE “BLACK-B0OX” RECIPE



Prescription for experimental determination of
the dynamics of a quantum black box

[saac L. Chuang *? and M. A. Nielsen !+3

The original recipe (Journal of Modern Optics, 1997)
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Section 2c.

IMPLEMENTATION OF SINGLE-QUBIT QPT
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For each (m,n) combination of our chosen operators, we are essentially finding the equivalent
of a ‘lambda’ matrix that specifies how possible evolutions of the basis states are constructed

(from the basis states)
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Obtaining a pseudoinverse directly from a matrix of matrices is not an easy
task, hence | employ a trick...
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Page 397 from N & C; p is a probability, gamma is a numerical parameter; theoretical
values can often be found from the Master equation




Bloch Sphere Visualization...
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It can be shown....




.e. a dephasing
process




